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Selected solution to Assignment 9

Supplementary Problems

1. The zeros of a function F (x, y, z) = 0 may define a surface in space. Let S = {(x, y, z) :
F (x, y, z) = 0} where F is C1

. Suppose that Fz 6= 0. By Implicit Function Theorem

the set S can be locally described as the graph of a function z = '(x, y). Suppose now

S = {(x, y,'(x, y)), (x, y) 2 D} where D is a region in the xy-plane. Derive the following

surface area for S:

|S| =
ZZ

D

|rF |
|Fz|

dA(x, y) .

Solution. The area of the graph is given by

ZZ

D

q
1 + '2

x + '2
y dA(x, y) .

By di↵erentiating the relation F (x, y,'(x, y)) = 0 in x and y to get

Fx + Fz'x = 0 , Fy + Fz'y = 0 .

Hence

1 + '2
x + '2

y = 1 +

✓
�Fx

Fz

◆2

+

✓
�Fy

Fz

◆2

=
|rF |2

|Fz|2

and the desired result follows.

2. Let (x(t), y(t)), t 2 [a, b], be a curve C parametrized by t in the first and second quadrants.

Rotate it around the x-axis to get a surface of revolution S.

(a) Show that a parametrization of S is given by (↵, t) 7! (x(t), y(t) cos↵, y(t) sin↵) ↵ 2
[0, 2⇡], and it is regular when C is regular.

Solution. By a direct computation,

@r

@↵
= (0,�y sin↵, y cos↵),

@r

@t
= (x0, y0 cos↵, y0 sin↵),

so
@r

@↵
⇥ @r

@t
= (�yy0, x0y cos↵,�yx0 sin↵) ,

and ����
@r

@↵
⇥ @r

@t

���� = y
p
x02 + y02,

since y > 0.

When C is regular, that is, x
02
+ y

02 > 0, it is clear that S is also regular.

(b) Show that the surface area of S is given by

2⇡

Z

C
y(t) ds .
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Solution. The parameter (↵, t) lies inD = [0, 2⇡]⇥[a, b]. By the surface area formula,

the surface area of S is equal to

ZZ

D
y
q
x02(t) + y02(t) dA =

Z 2⇡

0

Z b

a
y(t)

q
x02(t) + y02(t) dtd↵

= 2⇡

Z b

a
y(t)

q
x02(t) + y02(t) dt

= 2⇡

Z

C
y ds .

(c) When y = '(x), x 2 [a, b], where ' is C1
, the surface area becomes

2⇡

Z b

a
'(x)

q
1 + '02(x) dx .

Solution. Here the parametrization of the curve C is given by x 7! (x,'(x)). Therefore,
y(x) = '(x), x0(x) = 1 and y0(x) = '0

(x) and (c) follows from (b).
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Q 33 (a) Svbstituting {
X ⼆ 比050 ask.io 总 管啥 :

y = bsin 0 cosd

Z ⼆ csind

炎 + 管 + 否 =
(aosǎcoshilbsingcostifsinojc2

⼆

costcoidtsiiocoidts.in/o=cos2dtsin2f=l.:.{ 炎台器器。 satissies 管哈哈 = 1
.

Z =

cc.in/oOntheotherhandisupposelx,y,z)satisfies 总 管啥 = 1
.

i.lt +1部- 1
.

Hena
, thueexistsunique 0 EE⾄周

svchthatiüzosinf
=> z = csind

。

(# ) : 管 + 管 ⼆ Cofwhend =培
,

thenlx , y )
⼆ ( 0,0)= (acosocosd

,
bsin

0cosd.mu/0FIE,thenac:stFlbe!soi=l.Hena,thueexistsuniqe0E[0,2丌 )

svchthat {
𣶷0

⼆ 005 0

⇒ {
X =

acosocosgybcoso
⼆ Sin0 Y = bsinocosdg



(b) Tot ) = acosocosdttbsinocostftcsindf
- .

吉 10,0 ) = - asin 0 cosditbcosocosdj ;

⇒ { foqj-acososindT-bsinosindftccosdk.io
_ _ _

i J k

⇒ (志克 ) 10,10) = - asinocosd bcosocosd0-acososind-bsinosindc.cl
⼆ lbccosocoshttlacsinocoidftlabsintcost)下

,

2 2 2

⇒ 1志克 110,10) = lbccosocoshtlacsinocostltlabsintcost)

2
2 2 4 2 2 . 2 4 2 2 . 2 2

=

bccos0cosdtacsnocosdtabsmtcosfi.Swfaaarea-ffikoxtdl0.tlldtdo

⼆ Üiticosocostt àisiiocoittàbsiitcosjdtd以



Q48 Letflx , y, Z )= 2這 tzy -3三
.

T = 3点 T +3if -3Ti Tf 。 [ = - 3

1 7f 1 = (9×+9yti-3xiiiilof.FI -3

i. Area ⼆ f喩 dA = %%
3- dxdy = Sòsòiidxdy

= %信⼼炒到 òdy ⼆号 % [如只 lytildy

⼆号治 以於 ⼀到啊 :

⼆ 台 [li -2前 ⼀ (這 -1 ) ] = 台 1903-8-1 )
。



Q5_6laJForeachfixedxoET.a.bz
,
thecwsssectionof Salong x_x

。

isgivenbythecirdecenteredatlxo.o.ojwithradiusflxoJ.ie .

Z
^

S n { lxoyz ) } = { lx.Y.IE/Py2tz2=批》
。

柲

dyz )

,
ˊ

ˊ

= { ( xo.flxojcos0.flx.isin 0) 0E [0,2丌 ˋ} ⼼0.fi
ywhere0

isdsothepolaranghonyz-plane.i.tl
x
, 0)= xftflxjcosoftflxssin0 下 , XE [a , b] , OE [0,2刑 isaparametrization 0⼗ 5

,

(b) Flx , 0)= xftflxjcosoftflxssinofj

⇒ {
古⼼⼆ ⼗ +4的 cosoftfixssino ⼤ ;

吉( x , 0)= - flxjsinoftflxkos 0fj

T T ⼤
⇒ fxflx , 0) = 1 㧏

cosoflxssinoO-flxjsinoflxcos0-lflxiflxilcottsiioDTtl-flxkosojftl-fssi.no
》 ⼤

=

flxiflxf-flxkosof-flxssinoti.lfxflx.dk/lfMf'lx)j+(flxDlcot+siroi=fMl+lf
i. By Equation 4

,

A = ÜdlfMltlfldxd0 = 2丌Sǎlfmltlfyjdy
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Z
^Q 1 0 Theswfaaofwedge Sisdividedinto 5

parts.fiS = S
, USUSUSq.US5 asshowninthefigure ,

s.gs/-syCompvtingtheswfaaintegralovereachSi:2
·

x
L

S.fiflx, y . z) = ytz-1 ; Glx, y, Z) = ytz = 1
.

Tflxy, Z ) =i ⼤ jl7flx.yzll-rzjloflx.yzl.FI = 1 ;

⇒ ! Gdo = filotdxdy = 2次

。 Sziflx , y . z) = Y = 0 ; Glxy, Z ) =

ytZZ.Tflx.y.ZJ-ijl7flx.yzll-ljl7flx.y.zl.fi
= 1 ;

⇒ f Gdo = ffzaldxdz = 2 [否 了
。

'
= 1

.

Z.siflx, y . z) = ㄨ = 2 ; Glx, yz) = ytz ,

Tflxy, Z )== jloflx.yzlkljloflx.yzl.tl = 1 ;

1-y

⇒ f Gdo = ffolytzildzdy = % [ yzt到ǒdy = Sòly灬 +笑 ) dy
3

Ìfòky -25 +1 -2ytyydy = 主 Sòtitlldy

=北㓵 了
。

'

⼆号
,



• Saiflx , y . z) = Z = 0 ; Glxy, Z ) = ytzy ,

Tflxy, Z ) = [ jl7flx.yzll-ljloflx.yzl.tl = 1 ;

⇒ f Gdo = fiyaldxdy = 2 [站 = 1
.

4

• Sjflx , y . z) = ㄨ = 0 ; Glx, yz) = ytz ,

Tflxy, Z )== jl7flx.yzll-ljloflx.yzl.tl = 1 ;

⇒ ! Gdo = fsiytzildzdy = % [ yzt到ǒdy = Sòly灬 +哭 ) dy
5

Ìfòky -25 +1 -2ytyydy = 主 Sòtitlldy

=北㓵 了
。

'

⼆号
.

ifGdif Gdotf Gdotf Gdotf Gdotf Gdo
1 2 3 4 5

= 2次 +1 ⼗号 +1 ⼗ 六 = 2⼆ ⼗ fx


